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Abstract

This paper presents an approach for content-based image retrieval via isotropic and anisotropic

mappings. Isotropic mappings are defined as mappings invariant to the action of the planar

Euclidean group on the image space – invariant to the translation, rotation and reflection

of image data, and hence, invariant to orientation and position. Anisotropic mappings, on

the other hand, are defined as those mappings that are correspondingly variant. Structure

extraction (via a perceptual grouping process) and color histogram are shown to be repre-

sentations of isotropic mappings. Texture analysis using a channel energy model comprised

of even-symmetric Gabor filters is considered to be a representation of anisotropic mapping.

An integration framework for these mappings is developed. Results of retrieval of outdoor

images by query and by classification using a nearest neighbor classifier are presented.
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1 Introduction

The interest in the automatic analysis of images based upon their content has sig-

nificantly increased with recent developments in digital image collections, World

Wide Web (WWW), networking and multimedia. Active research in content-based

image retrieval (CBIR) is geared towards the development of methodologies for an-

alyzing, interpreting, cataloging and indexing image databases. In addition to their

development, efforts are also being made to evaluate the performance of image

retrieval systems [1].

Most of the previous work in image retrieval has focused on retrieval by image

query [2–5]. However, retrieval by image classification has also gained attention

[6–10]. Retrieval by image query refers to the retrieval of images similar to a given

query image from an image database, whereas retrieval by classification refers to

the classification of images into certain known classes for retrieval. In this paper

we develop a methodology for retrieval of outdoor images using both image query

and image classification by using a nearest neighbor classifier.

In image analysis, a desirable attribute is the notion of isotropy of computations in

the sense of Euclidean invariance: any rotation, translation or reflection of the input

should produce an identical result under these transformations, thus achieving ori-

entation and position invariance. These image transformations are generated by the
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action of the (planar) Euclidean group on the image space. An isometry is a trans-

formation of a space which preserves (Euclidean) distance. The Euclidean group is

the group of isometries of an Euclidean space and is (isomorphic to) the semi-direct

product of the orthogonal group and the translation group. The orthogonal group

is represented by rotations and reflections. The translation group is represented by

shifts of the Euclidean space.

The action of the Euclidean group on the space of positions and directions <2×S1,

where positions are represented using <2 and directions using the unit circle S1,

generates isometric geometrical objects. It has been argued that visual computa-

tions occur on <2×S1, rather than on just <2 [11]. Using this notion of isotropy, we

present an approach for content-based image retrieval via isotropic and anisotropic

mappings.

We define an isotropic mapping as a mapping that is invariant to the action of the

Euclidean group on the image space – invariant to translation, rotation, and reflec-

tion of image data. Similarly, we define an anisotropic mapping as a mapping that

is variant to the action of the Euclidean group. Isometries are important for devel-

oping a framework for isotropic mappings. It is shown later that all isometries of

a plane can be represented using the product of a translation and either a rotation

or a reflection. Isotropic mappings acting on perceptually salient image structures

are useful in retrieval, as they illustrate the similarity of different structures in an

image. On the other hand, anisotropic mappings indicate the uniqueness of cer-

tain attributes of different images. We show that structure extraction via perceptual

grouping is a natural candidate for isotropic mappings, as are histograms of pixel

color values. On the other hand, lower-level texture analysis via a Gabor filter bank

(which possesses affinity for certain preferred directions) operating in a channel

energy model is shown as an effective candidate for anisotropic mappings.
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This paper discusses an integration framework for these mappings. The integrated

framework takes advantage of the strength of structure, color histogram and tex-

ture in their respective domains for retrieval. The motivation is to develop a system

that is able to retrieve images ranging from purely natural objects, such as images

of vegetation, flowers, water and sky, to images containing conspicuous structure,

such as images of building, towers, bridges and other architectural objects. Results

of retrieval of outdoor images by query and by classification using a nearest neigh-

bor classifier are presented.

The rest of the paper is organized as follows: section 2 explains the perceptual

grouping process to extract structure. Section 3 provides a brief introduction to the

Euclidean group. Section 4 establishes structure and the color histogram as rep-

resentations of isotropic mapping. Section 5 describes the texture analysis via a

channel energy model as a representation of anisotropic mapping. Section 6 out-

lines the integration of isotropic and anisotropic mappings. Section 7 describes the

results obtained, and finally, section 8 provides the conclusions.

2 Perceptual grouping – Structure extraction and feature selection

The human visual system can detect many classes of patterns and statistically sig-

nificant arrangements of image elements. Perceptual grouping refers to the human

visual ability to extract significant image relations from lower-level primitive image

features without any knowledge of the image content and hierarchically group them

to obtain meaningful higher-level structure. It stresses the uniformity of psycholog-

ical grouping for perception and recognition, as opposed to recognition by analysis

of discrete primitive image features, and embodies such concepts as grouping by

proximity, similarity, continuation, closure, and symmetry [8].
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Manmade objects have sharp edges and straight boundaries. The presence of a man-

made object in an image generates a large number of significant edges, junctions,

parallel lines and groups, and closed structures, in comparison with an image with

predominantly non-manmade (non-structural) objects. These features are generated

by the presence of corners, windows, doors and boundaries of objects such as build-

ings, towers, bridges and other architectural objects. They exhibit regularity and re-

lationship, and are strong evidence that structure is present in an image. The pres-

ence of these distinguishing features follows the “principle of non-accidentalness”

[8]; therefore, these features are more likely to be generated by manmade objects.

Hence, these discriminating features distinguish between an image containing man-

made objects and an image containing none.

In our approach, segmentation and detailed object representation are not required.

We extract the following features hierarchically in an unconstrained environment,

i.e., with no constraints on the viewing angle and depth, using the approach detailed

in [8,9]: line (edge) segments, longer linear lines, retained lines, coterminations,

“L” junctions, “U” junctions, parallel lines, parallel groups, “significant” parallel

groups, and polygons. The features are shown in figure 1. Perceptual grouping rules

of similarity, continuity, parallelism and closure are used to extract these features.

In general, the extracted feature vector XS = (x̃S1 , · · · , x̃Sd
)t, where d is the di-

mensionality of the feature space, and x̃Si
= (

∑

j χωSi
(lj))/(

∑

k χωΘl
(lk)), where

i ∈ [1, · · · , d]. In addition, χ denotes the characteristic (indicator) function, l is

a retained line, ωΘl
is the set of all retained lines, ωSi

is a higher-level structure

extracted, and x̃Si
∈ [0, 1], i.e., the feature space is represented by a unit hyper-

cube. For retrieval by both image query and image classification, we set d = 3, and

let ωSi
represent “L” junctions, “U” junctions, and “significant parallel groups and

polygons” for i ∈ {1, 2, 3}, respectively. Thus, x̃Si
represents the corresponding
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normalized number of lines. Hence, the feature vector extracted is expressed as:

XS = (x̃S1 , x̃S2 , x̃S3)
t (1)

where

x̃S1 =
# of lines in “L” junctions

Total # of retained lines

x̃S2 =
# of lines in “U” junctions

Total # of retained lines

x̃S3 =
# of lines in (significant) parallel groups and polygons

Total # of retained lines

(2)

Detailed justification for using this feature vector is provided in [8]. In addition,

elimination of weak-edged line segments and lines shorter than a given threshold

helps to keep background clutter to a minimum [8,9].

3 Action of the Euclidean group – Action by translation, rotation, and reflec-

tion

An isometry is a mapping that preserves distances, i.e., the distance between any

two points in a space remains invariant after the application of the mapping. It is

well-known that the set of all isometries of <2 forms a group, called the Euclidean

group. To see this, let Γ be an isometry of <2, and let b = Γ(0), where b,0 ∈ <2.

Let τb represent a member of the translation group T (2) of <2, such that τb(r) =
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r+b, r ∈ <2. It is easy to see that the translation group is isomorphic to the additive

group <2, and that a translation is an isometry. Then, % = τ−bΓ is an isometry of

<2, satisfying %(0) = 0. It can be shown that if %(0) = 0, then % is linear [12], and

thus, Γ = τ−1
−b
% = τb% is a product of a linear isometry and a translation. Further,

it can also be shown that the linear isometries can be represented by the orthogonal

group O(2,<) of 2× 2 orthogonal matrices that represent rotations and reflections.

The matrix orthogonal group O(2,<) is the set of all orthogonal matrices. The de-

terminant of any element (matrix) ofO(2,<) is either 1 or -1. The set of orthogonal

matrices with determinant equal to 1 forms a subgroup (called the special orthog-

onal group) that represents rotations. Reflections have a determinant equal to -1. It

can be shown that the special orthogonal group is a normal subgroup of O(2,<).

The (semi-direct) product of the orthogonal group and the translation group is the

group of isometries of <2 (called Euclidean group E(2)). Semi-direct product is

a mechanism by which two groups can be fitted together to form a larger group,

where one of the two groups is a normal subgroup and the other is a subgroup of

the larger group formed. The fact that the translation group is a normal subgroup

of E(2), and the intersection of the translation group and the orthogonal group

is the identity, can be used to deduce that E(2) ∼= O(2,<) ./ T (2), where ∼=

denotes isomorphism and ./ denotes the semi-direct product [13]. The construction

is straightforward. As a set,O(2,<) ./ T (2) is T (2)×O(2,<), but now the product

is defined by (τb, %) (τ
b́
, %́) = (τb% · τb́, %%́), where τb% · τb́ is to be interpreted as

a translation by an amount %b́ + b, i.e., the translation τ(%b́+b). The semi-direct

product contains isomorphic copies of the orthogonal group and the translation

group as subgroups.

The elements of E(2) are invertible. The distance-preserving mappings that are
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elements of E(2) are implicit in many computations in the Euclidean geometry. It

may be noticed, however, that in agreeing not to distinguish between two congruent

figures in a plane, we are in essence agreeing not to distinguish between the figures

if there is an element of the Euclidean group that maps one of the figures onto

the other [14]. In this sense, all of the symmetry groups of the two-dimensional

figures are subgroups of the Euclidean group. In addition, the Euclidean group is

a subgroup of the affine group. Further, it can be shown that the quotient group

E(2)/T (2) ∼= O(2,<).

4 Isotropic mapping

We consider features extracted from the structural analysis of an image via the

perceptual grouping process and the color histogram, and show that they are repre-

sentations of isotropic mappings.

4.1 Euclidean isotropy of XS

Let ω = {ωi} represent the set of objects of interest present in an image. Each

object ωi is a set of ωik = {r, φ} ∈ <2×S1, where r = {x, y} ∈ <2 is a coordinate

pair, S1 is the unit circle and φ ∈ S1 represents an orientation. We treat r and φ

as independent variables, so that all possible orientations for φ exist at each cor-

responding position r. The relation between ωi and various image structures must

be properly understood. At the lowest level of vision, ωik are represented by points

(pixels) on an edge segment ωi (where each ωi is obtained using the edge detection

process described in [8,9]) and φ represents the orientation of ωi. At this level, ωi

are identified with edge segments li as shown in figure 1. For example, in figure
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1(a), ω1 might be identified with the edge segment l1.

At the next level of perceptual grouping, certain ωi will be combined to generate

a higher-level structure. The structure obtained from the grouping of ωi may be

called ωj for consistency of notation, although it should be understood that ωj now

represents a structure at a higher level than ωi. (Refer to figure 2, where edge seg-

ments ω3, ω4, ω5 and ω6 combine to form ω7.) As an example, at a higher level, ωi

might refer to higher-level structures such as polygons shown in figure 1(g). It may

be noted that though the representations of objects ωi change as they represent hi-

erarchical higher-level structures, the representations of ωik remain the same, since

ωik are points.

A group action of a group G on a set A is a map from G×A → A (written as g · a

for all g ∈ G and a ∈ A) that satisfies [13]:

g1 · (g2 · a) = (g1g2) · a, ∀g1, g2 ∈ G, a ∈ A

Ie · a = a, ∀a ∈ A (3)

where Ie is the identity element of G. As mentioned before, we do not distinguish

between two congruent figures if an element of the Euclidean group maps a (planar)

figure to another congruent figure. This representation includes all of the symmetry

groups of the two-dimensional figures, since the symmetry groups are subgroups

of the Euclidean group.

We define a mapping ψ : ω → <d (where d is the dimensionality of the feature

space) to be isotropic if it is invariant to the action of the Euclidean group on the

space of positions and directions <2 × S1:

ψ(Ej · ω) = ψ(ω) (4)

9



where E is the Euclidean group E(2) – the semi-direct product of the orthogonal

group and the translation group. The extraction of the feature vector XS is repre-

sented by ψ. Since the group action is originally defined on <2 × S1, the action

Ej · ωi, for all Ej ∈ E and ωi ∈ ω, transforms each ωik ∈ ωi (refer to figure 3):

τb · (r, φ) = (r + b, φ), r,b ∈ <2, φ ∈ S1

Rθ · (r, φ) = (Rθr, φ+ θ), θ ∈ S1

κθ · (r, φ) = κ́R−2θ · (r, φ) = (κ́R−2θr,−(φ− 2θ))

(5)

where τb ∈ T (2), (b ∈ <2) represents a member of the translation group of <2,

T (2), such that τb(r) = r + b, r ∈ <2, Rθ ∈ O(2,<) is a rotation by an angle θ

(with center at the origin), κθ ∈ O(2,<) is a reflection along an axis (through the

origin) in <2, and κ́ is the reflection along the x-axis: {x, y} → {x,−y}. The axis

of reflection κθ is inclined at an angle θ with the x-axis and is spanned by the unit

vector (cos θ, sin θ)t. In general, Ej = τb%, where % is either Rθ or κθ.

The action κθ · (r, φ) = Rθκ́R−θ · (r, φ) = κ́R−2θ · (r, φ) (by using the identity

Rθκ́ = κ́R−θ), because reflection along an arbitrary axis is equivalent to the rotation

of <2 by an angle −θ to align the axis of reflection along the direction of the original

x-axis, followed by a reflection in the (new) x-axis, and then a (reverse) rotation by

an angle θ.

The homomorphism implied in the upper equality in equation 3 may be seen as

follows. The action of Ej on a function Υ : <2 ×S1 → < (e.g., an image function)
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is given by Ej · Υ(r, φ) = Υ(E−1
j · (r, φ)). Therefore,

(Ej · Ek) · Υ(r, φ) = Υ((Ej · Ek)
−1 · (r, φ)) = Υ(E−1

k · E−1
j · (r, φ))

= Ek · Υ(E−1
j · (r, φ)) = Ej · (Ek · Υ(r, φ))

(6)

It may be noted that if the center of rotation is not the origin, or if the axis of re-

flection does not pass through the origin, then the fact that the translation group

is a normal subgroup of the Euclidean group may be used to reduce the resulting

transformation into a product of a linear isometry and a translation. This assertion

(regarding the generalized rotation and reflection) is proved in appendix A. If the

translation invariance of the first equality in equation 5 is established, then the gen-

eralized rotation and reflection reduce to action by Rθ and κ́R−2θ, respectively. It

is interesting to note that if the translation and rotation invariance of the first and

second equality in equation 5, respectively, are established, it is sufficient to show

the invariance of κ́ to show the invariance of κθ.

4.1.1 Linear feature modeling

The premise of linear feature modeling is to extract rich descriptions of lower-

level local image primitives and use these descriptions for subsequent grouping

into higher-level features (linear line segments). We develop a mathematical model

of the perceptual grouping process described in [8,9] for the collection of edge

segments ωk to form a longer linear line ωj (figure 1(a)). At this level of vision,

ωk are identified with lines lk as shown in the figure. Let r = {x, y} denote the x-

and y-coordinates of an end-point of an edge segment ωk, and φ ∈ S1 represent the

orientation of the edge segment. We treat r and φ as independent variables, so that

all possible orientations for ωk exist at each corresponding position r.
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A certain collection Ci of ωk is collected, which will be replaced by ωj , that maxi-

mizes the energy λi given as:

λ
(n)
i = λ

(n−1)
i +

∑

k∈K, l /∈K; K={k̃: ω
k̃
∈Ci}

ξkl, λ
(0)
i = 0 (7)

where the superscript n is an iteration index and (omitting the subscript i) the en-

ergy functional ξkl : (ωb, ωk, ωl) → < is expressed as:

ξkl(ωb | ωk, ωl) = Λ(q) Λ(st) δ(rk − rl − sekl) δ(φb − φl) (8)

where ωb (identified with lb in figure 1(a)) is a certain base edge segment in the

collection that is used to determine that all other edge segments are parallel to it.

Further, Λ is a weighting function and q is the maximum length of the orthogonal

distance of any point of ωl from ωb. In the above equation, rk and rl represent

those end-points of two edge segments ωk and ωl, respectively, which are closer

to each other (at the lower level), and φb and φl are the orientations of ωb and ωl,

respectively. In addition, δ is the Dirac delta function, ekl is a unit vector in the

direction of rk − rl and s is a distance parameter along an axis parallel to the

direction of rk − rl. The Boolean parameter t is such that t = 0 if the length of the

orthogonal projection of ωl on ωk is greater than zero, otherwise t = 1.

We represent Λ by a constant function (not equal to zero) with compact support.

Specifically, we have selected the constant as 1 and the support is equal to 5 units

(pixels). Equation 7 indicates the iterative nature of the grouping. At the start Ci

consists of only one segment ωb. At the end of each iteration those ωl’s for which

ξkl is non-zero are put into Ci. The grouping is started again and continued until

there is no increase in λi. The higher-level longer linear line ωj is then obtained by

a weighted average of the lengths and orientations of all edge segments in Ci [8].
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The energy functional expressed in equation 8 is similar to the one defined in [15],

however, in their model rk represents the V1 image of the center of the receptive

field of a neuron, and ekl represents the V1 image of the orientation preference of

the neuron. Unlike their model, in our system ekl points in the direction of rk − rl

and incorporates the non-collinearity of two edge segments to an arbitrary extent

(e.g., figure 1). (To further emphasize closer points, unequal weights, as opposed

to constant weights in the support of Λ, can be obtained by replacing Λ with an

appropriate weighting function such as a Gaussian function.) It may be noted that

the energy functional given in equation 8 incorporates the Gestalt principles of

proximity, collinearity, parallelism, and good continuation.

4.1.2 Euclidean invariance of ξkl

The energy functional expressed in equation 8 has a well-defined symmetry: it is

invariant under the action of E(2); invariant under translations {r, φ} → {r +

b, φ}, rotations {r, φ} → {Rθr, φ + θ} and reflections {r, φ} → {κ́R−2θr,−(φ−

2θ)}. In appendix B, it is verified that the invariance of s = ||rk − rl|| can be

established as ||τb%rk−τb%rl|| = ||rk−rl|| = s, where % is either a rotationRθ, or a

reflection κθ. The invariance of q and t may also be established in a similar manner.

Translation, rotation, and reflection invariance of equation 8 imply the following

equalities, respectively:

ξkl(τb · ωb | τb · ωk, τb · ωl) = ξkl(ωb | ωk, ωl)

ξkl(Rθ · ωb |Rθ · ωk, Rθ · ωl) = ξkl(ωb | ωk, ωl)

ξkl(κθ · ωb | κθ · ωk, κθ · ωl) = ξkl(ωb | ωk, ωl)

(9)

These relations are also proved in appendix B.
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Equation 8 is at the heart of the perceptual grouping process. Its Euclidean invari-

ance, as stated above in equation 9 and proved in appendix B, means that equation

7 remains invariant, and the perceptual grouping process will produce the same

groupings – retained lines. All higher-level structures are extracted using the re-

tained lines.

4.1.3 Higher-level structures

The fundamental perceptual grouping proposed in [8,9] for higher-level structures

can be modeled as follows. The proximity of two objects ωk and ωl can be modeled

by the relation Λ(s)δ(rk−rl−sekl). Here, rk and rl refer to those end-points of ωk

and ωl, respectively, that are closer to each other than any other pair of end-points.

The variation in the orientations of ωk and ωl can be controlled by the relation

Λ̃(p) δ(φk −φl −p), where the variable p = φk −φl, p ∈ [0, 2π] and Λ̃ is a constant

function (not equal to zero) with compact support (similar to Λ). At a higher-level,

φk and φl represent the general orientations associated with the entire objects ωk

and ωl, respectively. Using an argument similar to the one shown above, it can

be verified that these relations are invariant under the action of E(2). Hence, XS

obtained by the mapping ψ remains invariant to the action of E(2).

4.2 Color histogram

Color histogram measures are invariant to bothO(2,<) and T (2), and hence,E(2),

because histogram measures are only dependent on summations of identical pixel

values and do not incorporate orientation and position. The extraction of the nor-

malized histogram XH ∈ <512 is used as a representation of an isotropic mapping.
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A color space is perceptually uniform if a small perturbation to a component value

is approximately equally perceptible across the range of that value. TheRGB color

space does not exhibit perceptual uniformity. However, the CIE LAB space, con-

ceived in 1976, improves the perceptual uniformity of RGB space considerably. In

this space L defines lightness, A denotes red/green chrominance and B the yel-

low/blue chrominance. Given an image IRGB(x, y) in RGB space we generate

ILAB(x, y), where the pair (x, y) denotes the coordinates in an image I . A 512-

dimensional feature vector XH, representing the 512-bin normalized histogram, is

extracted from the image ILAB(x, y) by uniformly quantizing the LAB space, i.e,

XH = (x̃H0 , · · · , x̃H511)
t (10)

where x̃Hj
(where the index integer j ∈ [0, 511]) represents the normalized value of

the jth bin of the histogram such that
∑511

j=0 x̃Hj
= 1. This feature space represents

a unit hypercube.

5 Anisotropic mapping

In most quantitative channel energy models of texture analysis, an image is pro-

cessed by channel-selective filters along certain fundamental stimulus dimensions

such as spatial-frequency and orientation. Texture analysis via a channel energy

model employing a Gabor filter bank is considered to be a representation of anisotropic

mapping. The representation is accomplished by the extraction of the feature vector

XT ∈ <48, which measures the fractional energy in various spatial channels after

treating the input image with the Gabor filter bank.

The fact that this representation is anisotropic may readily be verified from the fact
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that the translation of an image I(r) → I(τb(r)) transforms the Fourier transform

of the image I(ν) → I(ν) ej2π<b,ν>, where b, r, ν ∈ <2, r = {x, y} are the

space domain coordinates and ν = {u, v} are the Fourier domain co-ordinates. A

rotation of the image I(r) → I(Rθ(r)), transforms the Fourier transform I(ν) →

I(Rθ(ν)). Similarly, the reflection of an image I(r) → I(κθ(r)) transforms the

Fourier transform I(ν) → I(κθ(ν)). (These relations are derived in appendix C.)

Hence, texture analysis is not invariant after the action of E(2) on an image.

The LAB space is used for multiresolution texture analysis by measuring the frac-

tional energies in the lightness and the two chrominance channels. Given an image

I , the convolved sequence {I∗f́m,n} defines the multiresolution image texture char-

acteristics, where f́m,n denotes the base texture extraction function f at scalem and

orientation n. The filter energy (||f́m,n||
2) is held constant. Even-symmetric, two-

dimensional Gabor filters have been used to represent f́m,n. The impulse response

of the base filter f is given as:

f(x, y) =
1

2πσxσy

e
− 1

2
( x2

σ2
x

+ y2

σ2
y

)
cos(2πu0x) (11)

where f(x, y) represents the response at spatial locations x and y, u0 is the fre-

quency of a sinusoidal plane wave along the x-axis (i.e., the 00 orientation), and σx

and σy are the spreads of the Gaussian envelope along the x- and y-axis, respec-

tively.

A set of self-similar Gabor filters is obtained by appropriate rotations and scal-

ings of f(x, y) through the generating function f́m,n(x, y) = k−mf(k−mx́, k−mý),

where k ≥ 1, m and n are integers, f́m,n(x, y) is the rotated and scaled ver-

sion of the original filter and k is the scale factor. In the above equation, n =

0, 1, · · · , N − 1 is the current orientation index, where N is the total number of
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orientations, and m = 0, 1, · · · ,M − 1 is the current scale index, where M is

the total number of scales. In addition, x́ and ý are the rotated coordinates x́ =

x cos θ + y sin θ, ý = −x sin θ + y cos θ, and θ = nπ
N

is the orientation. The scale

factor k−m ensures that the filter energy is independent of m. In order to make the

filters zero-mean, we set F́m,n(0, 0) = 0, where F́m,n is the Fourier transform of

f́m,n. A total of 16 Gabor filters (per channel) are selected, with four filters in equi-

angular orientations at four different scales, i.e., N = 4, and M = 4, starting at the

0o orientation. Parameters σx, σy and k are calculated using a multiresolution filter

design approach [16].

Channels L, A and B are treated with the Gabor filter bank described above. The

48-dimensional feature vector XT is constructed using the fractional energies in

each of the 16 filters operating in the L, A and B channels, i.e.,

XT = (x̃T L0,0 , · · · , x̃T L3,3 ; x̃T A0,0 , · · · , x̃T A3,3 ; x̃T B0,0 , · · · , x̃T B3,3)
t (12)

where x̃T Lm,n
, x̃T Am,n

and x̃T Bm,n
represent the fractional energy at the output

of the filter in the nth orientation and the mth scale, for L, A and B channels,

respectively. The fractional energy x̃T Lm,n
(in the discrete form) is given as:

x̃T Lm,n
=

∑Wy−1
y=0

∑Wx−1
x=0 L̂ 2

m,n(x, y)
∑M−1

m=0

∑N−1
n=0

∑Wy−1
y=0

∑Wx−1
x=0 L̂ 2

m,n(x, y)
(13)

where L̂m,n is the L channel treated with the filter f́m,n, Wx is the width of the im-

age, Wy is the height, and
∑M−1

m=0

∑N−1
n=0 x̃T Lm,n

= 1. In a similar manner, we define

x̃T Am,n
= (

∑Wy−1
y=0

∑Wx−1
x=0 Â 2

m,n(x, y))/(
∑M−1

m=0

∑N−1
n=0

∑Wy−1
y=0

∑Wx−1
x=0 Â 2

m,n(x, y))

and x̃T Bm,n
= (

∑Wy−1
y=0

∑Wx−1
x=0 B̂ 2

m,n(x, y))/(
∑M−1

m=0

∑N−1
n=0

∑Wy−1
y=0

∑Wx−1
x=0 B̂ 2

m,n(x, y)),

where Âm,n and B̂m,n represent channelsA andB treated with Gabor filters, respec-

tively. This feature space is also represented by a unit hypercube.
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6 Integration Framework

A retrieval process is described that integrates perceptual grouping, color histogram

and texture. Both image query and image classification are discussed.

6.1 Image query

A two-level framework is employed for integrating lower-level and higher-level

vision features. Given the isotropic feature vectors XS and XH and anisotropic

feature XT extracted from a query image, and XSj
, XHj

and XTj
extracted from

the jth image in the database, the first level of the framework maps the feature

vectors to a discriminant value within each of the three categories: structure, his-

togram and texture. The respective mappings ΦS : <NS → <, ΦH: <NH → <

and ΦT : <NT → <, where NS = 3, NH = 512 and NT = 48, are explained

as follows. The mappings ΦS and ΦT are selected as `2 norms, ΦS(XSj
,XS) =

||XSj
− XS ||, ΦT (XTj

,XT ) = ||XTj
− XT ||, and ΦH is selected as the histogram

intersection measure [2]: ΦH(XHj
,XH) = 1−β(XHj

,XH), where β(XHj
,XH) =

(
∑NH

k=1 min(x̃Hjk
, x̃Hk

))/(
∑NH

k=1 x̃Hk
). Since,

∑NH

k=1 x̃Hjk
=

∑NH

k=1 x̃Hk
= 1, the dif-

ference in the size of images is incorporated. At the second level, a supra discrimi-

nant is generated by utilizing the mapping ΨSHT : <3 ×<3 → <, given by:

ΨSHT (XSj
,XHj

,XTj
,XS ,XH,XT ) =

W t · ΦSHT (XSj
,XHj

,XTj
,XS ,XH,XT )

(14)

where W = (w1, w2, w3)
t is a weight vector such that

∑3
i=1wi = 1, ΨSHT ∈ [0, 1]

and ΦSHT : <3 ×<3 → <3, such that ΦSHT ∈ [0, 1] × [0, 1] × [0, 1], is given as:
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ΦSHT (XSj
,XHj

,XTj
,XS ,XH,XT ) =

(Φ̂S(XSj
,XS), Φ̂H(XHj

,XH), Φ̂T (XTj
,XT ))t

(15)

where

Φ̂S(XSj
,XS) =

ΦS(XSj
,XS)

maxj ΦS(XSj
,XS)

Φ̂H(XHj
,XH) =

ΦH(XHj
,XH)

maxj ΦH(XHj
,XH)

Φ̂T (XTj
,XT ) =

ΦT (XTj
,XT )

maxj ΦT (XTj
,XT )

(16)

These normalizations ensure that Φ̂S ∈ [0, 1], Φ̂H ∈ [0, 1] and Φ̂T ∈ [0, 1]. The

index î of the image most similar to a given query image is given by:

î = arg min
i

ΨSHT (XSi
,XHi

,XTi
,XS ,XH,XT ) (17)

The above integration framework has the following advantages over a simple con-

catenation of vectors XSj
, XHj

and XTj
. First, the different lengths of these three

vectors preclude the proper construction of a concatenated vector that is equally

sensitive to all of its components. The three-dimensional vector output by ΦSHT is

equally sensitive to all of its three one-dimensional components. Second, the size

of the corresponding weight vector for the concatenated vector will be large, mak-

ing the selection of proper weights difficult and unfeasible. Third, in our proposed

integration, weights are assigned at the module level, i.e., structure, histogram and

texture, whereas weights in a concatenated vector are assigned at the vector com-

ponent level without particular regard to the modular structure of the system. The

weight vector plays an important role in controlling the content of images retrieved

by assigning different weights to structure, histogram and texture.
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6.2 Image classification

A nearest neighbor classifier [17] is used for image classification. The image space

is partitioned into three classes, Structure, Non-structure and Intermediate, based

upon the measure of manmade object structure present in an image. Here, a more

intutive approach is presented than the original approach presented in [10]. In that

approach, for the combined retrieval methodology, a slight alteration of ΦSHT ’s

(equation 15) were taken as patterns. A new three-dimensional feature space was

generated by using the three feature spaces (structure, histogram and texture) as

{<NS ,<NH ,<NT } → <3, by using ΦS(XSj
) = ||XSj

|| and Φ̂S(XSj
) =

ΦS(XSj
)

maxj ΦS(XSj
)
.

The mappings ΦH, ΦT , Φ̂H and Φ̂T were defined similarly. Individual components

of resultant three-dimensional vector were multiplied by a weight vector to yield a

final discriminant value.

In the current approach, the distance function for the nearest neighbor classifier is

redefined to incorporate distances of training feature vectors from the test vectors in

the three pattern spaces (structure, histogram and texture) to generate a discriminant

value. Specifically, it is defined as the weighted `1 norm on the product space <NS×

<NH ×<NT . Let dSHT : {{<NS ,<NH ,<NT }, {<NS ,<NH ,<NT }} → < denote the

distance function, and XS , XH, and XT , be the structure, histogram and texture

feature vectors, respectively, for a given test image. Let XSj
, XHj

and XTj
denote

the corresponding training feature vectors of the j th training image. Then,

dSHT (XS ,XH,XT ,XSj
,XHj

,XTj
) =

W t · (Φ̂S(XSj
,XS), Φ̂H(XHj

,XH), Φ̂T (XTj
,XT ))t

(18)

where Φ̂S , Φ̂H and Φ̂T are defined in equation 16.
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7 Results obtained

We employ three different image databases consisting of a total of 4,329 24-bit

color images. Database #1 consists of 2,139 images of size adjusted to 1024×1024

acquired from two CDs obtained from the Visual Delights, Inc. [18]: “Austin and

Vicinity: The Human World” and “Austin and Vicinity: The World of Nature”.

Database #2 consists of 521 images of size adjusted to 512×512 acquired from the

ground level using the Sony Digital Mavica camera. Database #3 consists of 1,669

images of size adjusted to 512 × 512 downloaded from the internet (Free Nature

Pictures, Info. for Travel Media, Dave’s Wall Paper and Photo Art of Nature [19]).

7.1 Image query

Results for image query were obtained using W = (1/3, 1/3, 1/3)t. The first 16

images retrieved are displayed in all the figures shown. Figures 4 - 5 show queries

for the retrieval of images containing conspicuously natural objects: flowers, leaves

and grass, and a duck in water, respectively. The retrieved images closely match the

natural content of the supplied query images. Figure 6 shows an interesting query.

An image containing an automobile was suppled as a query. This image contains

a mixture of an intermediate-level structural object (an automobile) with road and

vegetation. The system retrieved images containing automobiles of various colors,

because an integral part of the system depends on perceptual grouping that ex-

amines the structure of an object regardless of the color. Figure 7 depicts a query

for a purely structural object: a building facade. The retrieved images again match

closely in structural content to the supplied query image.
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7.2 Image classification

Results for image classification were also obtained using W = (1/3, 1/3, 1/3)t.

Tables 1 - 4 display results for retrieval by image classification obtained using a

nearest neighbor classifier. Based upon the measure of structure present in an im-

age, the image space was partitioned into three classes, Structure, Non-structure

and Intermediate. Each class was represented by 10 training samples. Table 1 shows

the overall retrieval rate. Table 2 displays class-conditional retrieval performance

measured in terms of recall and precision. Recall is defined as the fraction of the

total number of images that are correctly retrieved for a particular class. Precision

is defined as the fraction of images retrieved for a particular class that are actually

correct. The detailed retrieval statistics are shown in the confusion matrix shown in

Table 3. Table 4 shows the distribution of images that actually belong to a particular

class within the “best matches” for that class, in intervals of 100 images, and the

corresponding efficiency of the system. The best matches were obtained by sorting

images in ascending order based upon their distances from the training samples of

each class. Efficiency is defined as the ratio of the number of images that actually

belong to a particular class in the block of closest best matches, to the size of the

block. The block size is set equal to the number of images in that class.

8 Conclusions

This paper has presented an approach for content-based image retrieval via isotropic

and anisotropic mappings. Isotropic mappings were defined as mappings invari-

ant to the action of the planar Euclidean group on the image space – invariant to

the translation, rotation and reflection of image data, and hence, invariant to ori-
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entation and position. Anisotropic mappings, on the other hand were defined as

those mappings that are correspondingly variant. Structure extraction (via a per-

ceptual grouping process) and color histogram were shown to be representations of

isotropic mappings. Texture analysis using a channel energy model comprised of

even-symmetric Gabor filters was considered to be a representation of anisotropic

mapping. Segmentation of an image and detailed object representation were not

required.

An integration framework for these mappings was also described. The integrated

framework took advantage of the strength of structure, color histogram and tex-

ture in their respective domains for retrieval. Results of retrieval of outdoor images

by query and by classification using a nearest neighbor classifier were presented.

The system was able to retrieve images ranging from purely natural objects, such

as images of vegetation, flowers, water and sky, to images containing conspicuous

structure, such as images of building, towers and bridges. In addition, the system

gave good performance for retrieval of images containing intermediate-level struc-

ture such as images containing automobiles (even when they were of different col-

ors). The judicious use of perceptual grouping to extract structure gives our system

an edge over content-based image retrieval systems that retrieve images containing

structural objects based purely upon color and texture. Results obtained show the

efficacy of combining structure, histogram and texture for retrieval.
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Appendices

A General rotation and reflection

For the case of a general rotation, the center of rotation can be shifted to the origin

by a translation, followed by a rotation, and then a reverse translation of the same

magnitude. The resulting transformation τbRθτ
−1
b

is given as:

τb Rθ τ
−1
b

= τb Rθ τ−b = τb τ(Rθ(−b)) Rθ = τ(Rθ(−b)+b) Rθ
(A.1)

where we have made use of the fact that, in general, %τb%−1 = τ%(b), such that %

represents either a rotation or a reflection.

For the case of a general reflection, after the rotation of the axis of reflection to

align it along the original x-axis, the rotated axis can be translated to align it on the

original x-axis. This is followed by the reflection κ́, then a reverse translation and

a reverse rotation. The resulting transformation Rθτbκ́τ−bR−θ is given as:

Rθτbκ́τ−bR−θ = (Rθτb)κ́(Rθτb)−1 = (τ(Rθ(b))Rθ)κ́(τ(Rθ(b))Rθ)
−1

= τ(Rθ(b))κ́R−2θτ(−Rθ(b)) = τ(κ́R−2θ(−Rθ(b))+Rθ(b))κ́R−2θ

(A.2)

B Euclidean invariance of ξkl

The energy functional expressed in equation 8 has a well-defined symmetry: it is

invariant under the action ofE(2); invariant under translations {r, φ} → {r+b, φ},

rotations {r, φ} → {Rθr, φ+ θ} and reflections {r, φ} → {κ́R−2θr,−(φ− 2θ)}.
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The invariance of s = ||rk − rl|| may be established as:

||τb%rk − τb%rl||
2 = ||(%rk + b) − (%rl + b)||2

= < %rk, %rk > + < %rl, %rl > −2 < %rk, %rl >

= ||rk||
2 + ||rl||

2 − 2 < rk, rl >= ||rk − rl||
2 = s2

(B.1)

where <,> denotes the dot product and % is either a rotation or a reflection. The

relation < %rk, %rl >=< rk, %
−1%rl >=< rk, rl > (where we consider % as an op-

erator) follows from the fact that, for example, in case % = Rθ, the adjoint operator

of Rθ is given (in the matrix notation) as the conjugate-transpose of Rθ – which is

real, and orthogonal, i.e., Rt
θRθ = Ie, where Ie is the identity. Hence, the adjoint

operator of Rθ is Rt
θ = R−1

θ . The adjoint operator of κθ is κ−1
θ and the adjoint oper-

ator of % is %−1. The first and second terms in the second line of equation B.1 may

also be dealt with in a similar manner. Similarly, the invariance of q and t may also

be established.

Translation invariance of equation 8 is easy to see, because:

ξkl(τb · ωb | τb · ωk, τb · ωl) = Λ(q) Λ(st) δ((rk + b) − (rl + b) − sekl) δ(φb − φl)

= Λ(q) Λ(st) δ(rk − rl − sekl) δ(φb − φl)

= ξkl(ωb | ωk, ωl)

(B.2)
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Invariance with respect to a rotation Rθ follows from:

ξkl(Rθ · ωb |Rθ · ωk, Rθ · ωl) =

= Λ(q) Λ(st) δ(Rθrk −Rθrl − sRθekl) δ((φb + θ) − (φl + θ))

= Λ(q) Λ(st) δ(Rθ(rk − rl − sekl)) δ(φb − φl)

= Λ(q) Λ(st) δ(rk − rl − sekl) δ(φb − φl) = ξkl(ωb | ωk, ωl)

(B.3)

Invariance under a reflection κθ about the an axis holds, since:

ξkl(κθ · ωb | κθ · ωk, κθ · ωl) =

= Λ(q) Λ(st) δ(κ́R−2θrk − κ́R−2θrl − sκ́R−2θekl) δ(−(φb − 2θ) + (φl − 2θ))

= Λ(q) Λ(st) δ(κ́R−2θ(rk − rl − sekl)) δ(−(φb − φl))

= Λ(q) Λ(st) δ(rk − rl − sekl) δ(φb − φl) = ξkl(ωb | ωk, ωl)

(B.4)

where δ(Rθ(rk−rl−sekl)) = δ(rk−rl−sekl) and δ(κ́R−2θ(rk−rl−sekl)) = δ(rk−

rl − sekl), as explained in the following. Let % represent either Rθ or κ́R−2θ, where

Rθ, κ́ and R−2θ are orthogonal matrices. Recall that the product of any number

of orthogonal matrices is also orthogonal, and hence, has an inverse. (The set of

orthogonal matrices forms a group – which is closed under multiplication of the

elements of the group.) It can be shown that the linear operator % (defined on the

finite dimensional space <2) has an inverse if and only if %(b) = 0 ⇒ b = 0,

0 ∈ <2 [20]. That is, rk − rl − sekl = 0 ⇐⇒ %(rk − rl − sekl) = 0. From

which it follows that rk − rl − sekl 6= 0 ⇐⇒ %(rk − rl − sekl) 6= 0. Recall

that δ(b) = 0 if b 6= 0 (in the sense of distributions). Hence, the assertion follows,

i.e., δ(Rθ(rk − rl − sekl)) = 0, if and only if δ(rk − rl − sekl) = 0, and similarly
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δ(κ́R−2θ(rk − rl − sekl)) = 0 if and only if δ(rk − rl − sekl) = 0. The case for

δ(b) when b = 0 may also be argued in a distributional sense.

C Fourier transform of translated, rotated and reflected image data

We shall derive a general case of the Fourier transform under the affine mapping

r 7→ Mr + b, where M ∈ <2×2 is a real-valued invertible matrix, and r,b ∈ <2.

Translations, rotations and reflections will be seen as special cases.

The two-dimensional Fourier transform of a function f : <2 → < is given as:

F (ν) =
∫

<2

f(r) e−j2π<r,ν> dr (C.1)

where F denotes the Fourier transform of f , ν ∈ <2 are the Fourier domain coor-

dinates, and <,> denotes the dot product. The Fourier transform of f(Mr + b) is

given as:

F́ (ν) =
∫

<2 f(Mr + b) e−j2π<r,ν> dr

= 1
| det(M)|

∫

<2 f(ŕ) e−j2π<(M−1
ŕ −M−1

b),ν> dŕ

= ej2π<M
−1

b,ν>

| det(M)|

∫

<2 f(ŕ) e−j2π<M−1
ŕ,ν> dŕ

= ej2π<b,(M−1)tν>

| det(M)|

∫

<2 f(ŕ) e−j2π<ŕ,(M−1)tν> dŕ

= ej2π<b,(M−1)tν>

| det(M)|
F ((M−1)tν) = ej2π<b,ν́>

| det(M)|
F (ν́)

(C.2)

where F́ is the Fourier transform of f(Mr + b) and ŕ = Mr + b. Hence, dŕ =

| det(M)| dr, where det(M) denotes the determinant of the matrix M, i.e., the

Jacobian determinant of the transformation. In the above equation, ν́ = (M−1)tν
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are the coordinates ν transformed due to the affine mapping. In addition, we have

made use of the fact that < M−1
ŕ, ν >=< ŕ, (M−1)tν >. It may be noted that

the result derived in equation C.2 remains valid for higher-dimensional (Euclidean)

spaces other than <2.

For translation of an image, let M be the identity. Hence, translation of an im-

age I(r) → I(τb(r)) transforms the Fourier transform of the image I(ν) →

I(ν) ej2π<b,ν>, where r = {x, y} are the space domain coordinates and ν = {u, v}

are the Fourier domain co-ordinates.

For rotation of an image by an angle θ about the origin, let M = Rθ and b =

0 ∈ <2. It may be realized that (R−1
θ )t = Rθ, since Rθ is an orthogonal matrix,

i.e., the product Rt
θRθ is the identity matrix. The determinant of Rθ is equal to 1

(because Rθ is a special orthogonal matrix). Hence, a rotation of I(r) → I(Rθ(r)),

transforms the Fourier transform I(ν) → I(Rθ(ν)).

For reflection of an image in an axis inclined at an angle θ with the x-axis, let

M = κθ = κ́R−2θ, where b = 0 ∈ <2. The determinant of κθ is equal to -1, since

det(κθ) = det(κ́) det(R−2θ). The determinant of R−2θ is equal to 1 (since R−2θ is

a rotation and hence, a special orthogonal matrix), and the determinant of κ́ is equal

to -1, because in matrix notation the mapping {x, y} → {x,−y} is obtained by:

















1 0

0 −1

































x

y

















where κ́ is the matrix on the left side of the above expression. Since κθ is an orthog-

onal matrix, (κ−1
θ )t = κθ. Therefore, the reflection I(r) → I(κθ(r)) transforms the

Fourier transform I(ν) → I(κθ(ν)).
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Fig. 1. Visualization of the groupings. (a) Longer linear line. (b) Coterminations. (c) “L”
junctions. (d) “U” junction. (e) “U” junction. (f) Parallel groups. (g) Polygons.
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Fig. 2. ω3, ω4, ω5 and ω6 combined to form ω7. At the lowest level of vision, ωi are identi-
fied with edge segments.

���

���
 !

"�#%$'&

(�)+*-, 
 .0/2143

5062798 :9;

<4=

>
?A@CB

 

DEGF0HJILKNM2O

PQGR0SJTLUNVXW Y4Z

[X\

]^2_0`%a

 

 

Translation (along the x-axis). Rotation. Reflection (in the y-axis).

(a) (b) (c)

Fig. 3. Action of E(2) on an edge segment ωi. rk and rl represent the end-points of ωi.
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Query: Flowers, leaves and grass.

Fig. 4. Retrieval by image query (databases #1 and #2): Flowers, leaves and grass.

Query: Duck in water.

Fig. 5. Retrieval by image query (databases #2 and #3): Duck in water.
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Query: An automobile.

Fig. 6. Retrieval by image query (databases #1 and #2): An automobile.

Query: A building facade.

Fig. 7. Retrieval by image query (databases #1 and #2): A building facade.
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Total Training Effective Correct RR

T D C (C/D)

521 30 491 372 75.76%
Table 1
Retrieval by image classification (Database #2): Overall retrieval rate. T = Total # of im-
ages, D = Effective # of images, C = Correct and RR = Retrieval rate.

Class T R C Recall Precision

(C/T) (C/R)

Structure 255 203 188 73.73% 92.61%

Non-structure 140 151 119 85.00% 78.81%

Intermediate 96 137 65 67.71% 47.45%
Table 2
Retrieval by image classification (Database #2): Recall and precision. T = Total, R = Re-
trieved, C = Correct.

Class Structure Non-structure Intermediate

Structure 188 13 54

Non-structure 3 119 18

Intermediate 12 19 65
Table 3
Retrieval by image classification (Database #2): Confusion matrix. Entries presented along
rows, e.g., 188 Structure class images classified as Structure, 13 as Non-structure, and 54
as Intermediate.

Class 1-100 101-200 201-300 301-400 401-491 T Q Eff.=Q/T

Structure 85 70 57 32 11 255 189 74.12%

Non-structure 82 30 18 5 5 140 101 72.14%

Intermediate 56 23 8 3 6 96 55 57.29%
Table 4
Retrieval by image classification (Database # 2): Distribution of images actually belonging
to a particular class in the “best matches” for that class, in intervals of 100 images, and the
efficiency of the system. T = Total # of images belonging to a certain class, Q = # of images
that actually belong to a certain class in the first T best matches for that class, and Eff. =
Efficiency.
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